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1 INTRODUCTION 

During these years, linear algebra librar-

ies have become critical mainly due the in-

creasing requirements in the field of computer 

vision and computer graphics (e.g., CGI ren-

dering), among others. But many other fields 

like chemistry or medicine, are interested in 

the possibilities of parallelism to solve some of 

the most important research problems. 

In this way and especially during the last 

decade, many computer libraries and tech-

niques have emerged to take advantage of the 

resources of the new digital era that has been 

established this century. The processing 

power of personal computers and supercom-

puters are, today, an opportunity for many 

computer science researchers. 

This paper aims to establish a basis for 

future research by evaluating some of the 

most important linear algebra libraries availa-

ble in the market, which include the popular 

Math Kernel Library [1] from Intel. All of the 

libraries are based on Basic Linear Algebra 

Subprograms (BLAS) [2] specification. 

 

 

The next subsection is defined to help 

the reader understand some of the key con-

cepts that will be used within this document. 

1.1 BACKGROUND 
Although the first specification and im-

plementation came in 1979 [3], BLAS is now-

adays the “de facto” standard in linear algebra 

subroutines. It is a set of low-level kernel func-

tions that perform common linear algebra op-

erations such as copying, vector inner product 

and matrix multiplication. 

The reference implementation, which 

was originally coded in FORTRAN, has been 

improved these years by more hardware de-

pending optimized versions. Manufacturers 

like AMD are continuously releasing new im-

proved releases of their BLAS implementation 

(i.e., APPML [4]) to take advantage of most of 

the features included in their CPU’s and now 

newest APU’s. 

But unfortunately for AMD, historically 

Intel has taken advantage in the professional 

sector and many of the best supercomputers 
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worldwide use their processors. What is more 

and as well as we introduced earlier, Intel’s 

MKL is one of the best BLAS implementa-

tions available. Its performance, as we will dis-

cover in the coming sections, is very good. 

 

Figure 1 - Example diagram of linear algebra solutions available. 

In spite of the fact that BLAS offers low-

level linear algebra functions, there are other 

API specifications that has grown from this 

one with the purpose of providing a one-call 

optimized function to solve many well-known 

problems, as for example the LU factoriza-

tion. This means a huge step in usability, as 

non-mathematics users can easily solve com-

plex problems in an efficient and simple way. 

As the reader may appreciate in Figure 1, 

LAPACK [5] is one of these BLAS-based 

package and, in fact, is one of the most popu-

lar. Furthermore, modified versions which in-

tegrate MPI have emerged from it and enables 

communication between different nodes solv-

ing a common problem. 

This and other concepts will be ad-

dressed later in the proper section. 

1.2 STATE-OF-THE-ART 
The meaning of this section is to intro-

duce the system where all the test will be exe-

cuted, as well as to describe briefly many of 

the test that will be launched to evaluate the 

performance of each case we are interested. 

All the test will be executed in a NUMA 

workstation located at the Scientific Compu-

ting and Parallel Programming Group labora-

tory, located at the University of Murcia, 

Spain. This system offers the following speci-

fication: 

Component Description 

CPU mfr. Intel Corporation 

# CPU’s 4 x Xeon E7530 @ 1.8GHz 

# cores 4 x 6 cores => 24 cores 

Cache / core L1=32KB / L2=256KB 

RAM / node 8GB (32GB in total) 

HT enabled? No 
 

Table 1 - Specification of the workstation used 

Although the system uses an old Intel 

CPU and one could think that the results will 

seem useless, it is more likely for most re-

searchers to use similar workstations than 

newer ones to launch their parallel algorithms. 

In fact, today’s CPUs have a reduced power 

consumption, but not a huge performance im-

provement in comparison. 

 The general idea is to launch multiple 

test-cases that could use all the resources avail-

able and that, at the same time, could give us 

an idea of how well is the performance of the 

implementation used. Some of these tests, 

which will always be based on the LU decom-

position problem, include: 

 Matrix size evaluation: All the tests 

will be evaluated modifying the size of 

the matrix itself. As the objective is to 

evaluate real-life like problems, sizes 

will vary from 1000 by 1000 matrices 

to 10000 by 10000. 

 Block size evaluation: As the reader 

may have appreciated in the abstract 

of this document, there will be some 

implementations based on block opti-

mization. In this way, this kind of 

tests will include a block variation 

with values power of 2 (i.e., 2, 4, 8, 16 

and so on). 

 Number of threads evaluation: 

Some of the implementations will 

make use of parallelism with different 

number of threads in different levels. 

The idea is to modify the number of 

concurrent threads solving the prob-

lem, which will obviously vary from 1 

to 24 (i.e., maximum number of cores 

available). 

For simplicity, we will only test square 

matrices and not rectangular ones (which 

could affect dramatically to the final results). 
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1.3 LU FACTORIZATION  

DEFINITION 
Prior to the performance analysis, the 

reader might be interested in understanding 

the meaning of the LU decomposition. 

Basically, given a square matrix A whose 

terms are the values of a system of linear equa-

tions, the LU factorization refers to the pro-

cess where A is split into a lower triangular 

matrix L and an upper triangular matrix U, so 

that this is true if there is a solution: 

𝐴 = 𝐿𝑈 = [
𝑙11 0 0
𝑙21 𝑙22 0
𝑙31 𝑙32 𝑙33

] [

𝑢11 𝑢12 𝑢13

0 𝑢22 𝑢23

0 0 𝑢33

] 

This factorization is made by applying 

Gaussian elimination to the original matrix. 

The idea is that U contains the final result of 

the elimination process, and L contains the 

changes made to the original matrix with sign 

changed (i.e., we could convert U back to A, 

which is the original matrix). 

The main application of this LU decom-

position is to easily solve several linear equa-

tions given different b values: 

𝐴𝑥 = 𝑏 

If we already have the LU factorization 

of A, solving the linear equation is easy. First 

by applying forward substitution and then by 

doing back substitution: 

𝐅𝐢𝐫𝐬𝐭 𝐬𝐭𝐞𝐩: 𝐿𝑐 = 𝑏 

𝐒𝐞𝐜𝐨𝐧𝐝 𝐬𝐭𝐞𝐩: 𝑈𝑥 = 𝑐 
 

The computational cost is way lower, be-

cause the number of operations to solve a lin-

ear equation given LU will be 𝑛2 for the first 

step and also 𝑛2 for the second step. So this 

means an 𝑂(2𝑛2) in cost. 

The key factor here is that the elimina-

tion process is expensive, as it requires 𝑛3 3⁄  

multiplications and 𝑛3 3⁄  subtractions. But 

this is only made once, and further right-hand 

side b’s can be directly solved by the process 

explained earlier. 

The reader can obtain more information 

about how the complete process works by 

reading [6], including other concepts which in-

volve row permutations (i.e., pivoting). There 

is also an explanation of the computational 

cost in the cited reference. 

2 SINGLE AND MULTI-

CORE EVALUATION 

This section’s objective is to provide an 

analysis of the performance of several imple-

mentations solving the LU decomposition 

problem using a single core of the NUMA 

workstation and, as well, many of the 24 cores 

available. 

We have already detailed how the test-

cases will be designed, so let’s begin directly 

with the following subsections. 

2.1 CLASSIC IMPLEMENTATION 
The first implementation evaluated will 

act as the reference one in terms of time com-

parison. It is basically the algorithmic version 

of the Gaussian elimination process, which 

will transform a matrix A into an LU factori-

zation matrix. 

However, Gauss elimination is row-

guided and we know this could lead into a 

huge performance decrement due to the 

cache’s temporal and spatial locality feature. 

So the idea is to change the process to a dif-

ferent column-based one called outer product 

Gaussian elimination. The result will be equiv-

alent, but with the main difference that L will 

no longer contain 1’s in its diagonal and will 

be U the one who receive these values instead. 

 

Figure 2 - Sequential algorithm results of the LU decomposition 
modifying matrix size with a time limit of 20 minutes. 
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Figure 2 shows the performance of this 

algorithm by varying the matrix size from 

1000 by 1000 up to 10000 by 10000. As we 

expected, for smaller matrices the results are 

good and even less than 10 seconds are 

needed to factorize a 2000 by 2000 matrix. 

But as we increment the size, it is clearly 

visible the 𝑂(𝑛2) estimated cost of the opera-

tions involved in the process. What is more, 

the time limit defined of 20 minutes is reached 

with the last test-case, and this lead us to the 

next subsection as we try to provide a better 

solution. 

2.1.1 Block optimization 

Almost any algorithm involving matrix 

operations can benefit from block optimiza-

tion. In the past, many researches like [7] has 

proved the benefits of this technique, as it 

takes advantage of cache’s locality feature. 

In this way, the LU decomposition prob-

lem can be split into several subproblems that 

can make a good performance improvement. 

The key idea is to define a block size, which 

will be a square matrix whose values will be 

extracted from the diagonal. The algorithm 

will calculate the LU factorization of this 

smaller matrix, and then “extend” the results 

to the upper-right rectangular matrix, the 

lower-left one and finally the rest of the matrix 

as a combination of the latest two. 

 

Figure 3 - Example of how the block optimization works. 

In other words, following Figure 3, the 

steps of the process are defined as: 

𝐒𝐭𝐞𝐩 𝟏: 𝐴00 = 𝐿00𝑈00 

𝐒𝐭𝐞𝐩 𝟐: 𝐴01 = 𝐿00𝑈01 

𝐒𝐭𝐞𝐩 𝟑: 𝐴10 = 𝐿10𝑈00 

𝐒𝐭𝐞𝐩 𝟒: 𝐴11
′ = 𝐴11 − 𝐿10𝑈01 

The process continues, taking now the 

block  𝐴00  from the top-left corner of 𝐴11
′ . 

This will be repeated until the lower-right cor-

ner is reached. At this moment, the algorithm 

has finished and the LU decomposition of A 

is made. 

 

Figure 4 - Block optimization results of the LU decomposition 
modifying matrix size with a time limit of 20 minutes. 

The idea sounds apparently fine, but 

does this change really improve the perfor-

mance of the original algorithm? Well, accord-

ing to Figure 4 it does. This graph reflects the 

best times obtained with a specific block size 

given a matrix dimension of 1000 by 1000 up 

to 10000 by 10000. Now we appreciate that 

even with the maximum size, the 20 minutes 

time limit is not exceeded and about 600 sec-

onds are needed (i.e., 10 minutes). 

In terms of SpeedUp, which reflects the 

performance improvement comparing to a 

reference test (i.e., the sequential), the algo-

rithm seems to be nearly as twice as faster 

compared to the same 5000 by 5000 result: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑠𝑒𝑞

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘

=
140.11

76.49
= 1.83 

But these results have not come ran-

domly. The truth is that the test-case launched 

here was designed to evaluate, for each matrix 

size, each block size power of 2 smaller than 

the size itself. So for a 9000 dimension matrix, 

the block sizes tested were 2, 4, 8, …, 4096 

and 8192. 

What we tried to evaluate is how the per-

formance could vary modifying the block size 

and according to the resources available (i.e., 

each core has an L1 of 32KB and an L2 of 

256KB). Unfortunately and as expected, the 

results are problem-dependent and also are re-

lated to many other external aspects like how 

0

100

200

300

400

500

600

700

1
0

0
0

2
0

0
0

3
0

0
0

4
0

0
0

5
0

0
0

6
0

0
0

7
0

0
0

8
0

0
0

9
0

0
0

1
0

0
0

0

Ti
m

e 
(s

ec
o

n
d

s)

Matrix dimension

Block Optimization Test



5 
 

the CPU brings data from the main memory 

to the cache. This means that defining a 32KB 

block isn’t necessarily the best decision [7]. 

 

Figure 5 - Block size performance comparison of the LU decom-
position with a square 5000×5000 matrix. 

Anyway, if we analyze the results, sizes of 

8 and 16 give always the best performance for 

any size (as seen in Figure 5 for a dimension 

of 5000). Curiously, a block size of 4096 offers 

better performance compared to a size of 

1024 or 2048. The reason might be related to 

the fact that the page size is established to 

4KB or because the L1 size is 32KB, which is 

exactly the size of 4096 double values. 

We may check later if this behaviour is 

repeated when we integrate the linear algebra 

libraries within the implementation. 

2.2 USING BLAS FUNCTIONS 
The next step defined is to modify the 

prior code to include calls to many of the 

BLAS subroutines available. As these methods 

are optimized (and implemented) in low-level, 

it is supposed to offer a good performance im-

provement over the previous results.  

We will start first using the Math Kernel 

Library implementation of the BLAS API, 

then we will make use of the ATLAS version 

and finally we will test the performance of the 

popular OpenBLAS (i.e., GotoBLAS). 

2.2.0 Algorithm changes and calling if. 

Although the implemented code will be 

exactly the same as the block optimized ver-

sion, we should adapt it to make use of the 

BLAS subroutines wherever possible. 

In this way, there are three different loca-

tions which could lead into a huge perfor-

mance improvement: 

1. LU auxiliary method: The complete 

algorithm computes the LU decom-

position, but we must also compute 

the LU for the current block. In this 

way, the code is using the original se-

quential version of the whole algo-

rithm and we can easily change two 

different loops within this method. 

 

The first loop divides the row ele-

ments by the pivot position. As 

there’s a vector operation called 

dscal() [8] which scales a double pre-

cision vector (i.e., our row) by a factor 

alpha (i.e., our pivot inversed), we can 

remove this loop by calling it. 

 

And the second loop is the result of a 

row-column multiplication whose 

values will be subtracted to the lower-

right matrix available. So, it can be 

translated as a matrix-matrix multipli-

cation whose sizes are N×1 and 1×N 

respectively. The method dgemm() 

[9] can be easily used here. 

 

2. Upper/Lower-triangular: The sec-

ond and third step of the algorithm 

defined in 2.1.1 involves the use of 

the already calculated LU within the 

current block. These values are used 

to extend the result to the upper-right 

/ lower-left corner of the matrix. 

 

The process can be defined as an 

equation solver, and in this way the 

method dtrsm() [10] is very useful. 

 

3. Matrix multiplication: The latest 

step is to multiply the upper-right ma-

trix with the lower-left corner matrix. 

It is basically a matrix multiplication, 

and although the result will be sub-

tracted to the original values, the 

method dgemm() [9] can be used 

again here. 

That said, we should tackle another last 

point. There are two different ways to call the 
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mentioned functions: using the FORTRAN 

interface or using the C interface. The first one 

is, in our opinion, the best compatible way to 

call BLAS subroutines, as almost all the librar-

ies implement this interface. The problem is 

that FORTRAN stores matrices in a column-

major order and this could lead into many un-

expected results if we are using other lan-

guages like C, whose matrices are stored in a 

row-major order. 

For simplicity and as all the libraries that 

will be evaluated implement both interfaces, 

after some tests we decided to use CBLAS in-

stead. The main reason was that although 

dgemm() lets you specify that the input ma-

trices are in row-major order, the result will al-

ways be produced in column-major order, 

which is equivalent to the transpose of the re-

sultant matrix (i.e., it is not what we are really 

expecting). 

Let’s now begin with the analysis of the 

different alternatives. 

2.2.1 BLAS / MKL implementation 

Intel’s Math Kernel Library is one of the 

BLAS reference implementations in terms of 

good performance (at least, of course, using 

Intel CPUs). The manufacturer ensures that 

each of their CPU models are compatible with 

this implementation and that each subroutine 

has been manually optimized to offer the best 

performance possible [11].  

 
Figure 6 - BLAS / MKL best results (using 1 thread) of the LU 
decomposition modifying matrix size. 

The library also offer multi-threading ca-

pabilities in almost all of the BLAS subrou-

tines [12]. What is more, one could easily mod-

ify the number of concurrent threads [13] to 

improve the performance of the execution by 

setting several environment variables like 

OMP_NUM_THREADS or MKL_NUM_THREADS. 

 

Figure 7 - BLAS / MKL best results (using multiple threads) of 
the LU decomposition modifying matrix size. 

This seems to be the key evaluation for 

this implementation. We cannot only test the 

behaviour of the algorithm by modifying the 

block size and substituting part of the code 

with BLAS’ methods, but also we can analyze 

the impact in performance as we increment 

the number of concurrent threads in each test 

case. So, the test-case was organized to launch 

different matrix sizes, different block sizes for 

each matrix size and finally different number 

of threads for each matrix and block size. 

Figure 7 shows the best result obtained 

for each matrix size (e.g., MatrixDim=5000, 

BlockSize=128 and NumberOfThreads=20). 

The performance is, by far, better than we in-

itially expected. For a 10000 by 10000 matrix, 

the LU decomposition was obtained in less 

than 5 seconds. If we compare this result with 

the one obtained in the block optimized code, 

we can clearly see the difference: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

=
604.20

4.64
≈ 130 

But we might be very careful comparing 

these results, because that 4.64 seconds time 

was obtained by using multi-threading (24 

threads exactly, which corresponds to the 

maximum number of cores in the work-

station). 
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Figure 6 shows the best results available 

for one single thread. The performance is still 

impressive, and the SpeedUp obtained is also 

very good but not equivalent:  

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

=
604.20

95.20
= 6.33 

One interesting thing about the new de-

signed algorithm is to check its scalability. It is 

known that if we are introducing parallelism 

with 24 concurrent threads, the result in the-

ory will be 24 times faster. Well, this is not al-

ways true as many factors could affect the final 

result, but we can have an idea of how it re-

sponds by evaluating Figure 8. This graph 

shows a comparison, based in time, between 

the matrix size and the number of simultane-

ous threads. And, as expected, there are two 

clear points involved: 

 The first one is that there is no huge 

improvement after 9 threads. This 

means that we are not going to have 

an LU decomposition 24 faster, but 

slightly 10-20 times faster1. 

 And the second one, related to the 

first one, is that the performance with 

higher number of threads depends on 

the size of the problem. 

                                                   
1 We will try to solve this later with different levels of parallelism. 

One last note prior to continuing with 

the next library, is that the best block size right 

now is bigger than 16. Specifically, 128 and 

256 are the sizes where the performance is 

clearly better if the number of threads is high.  

On the one hand, dividing 128 or 256 by 

24 gives a value near 8, which we know offers 

a good performance for one single thread. But 

although this could be an explanation, on the 

other hand the performance is also good when 

we use only one thread. So, we may think it is 

all about how Intel implemented BLAS sub-

routines or about a possible calling overload.  

2.2.2 BLAS / ATLAS implementation 

Automatically Tuned Linear Algebra 

Software (ATLAS) is a generic implementa-

tion of the BLAS API subroutines. It is not 

hardware dependent, which means that it is 

not optimized for a specific CPU manufac-

turer as MKL was. 

As its name, ATLAS’ purpose is to pro-

vide an optimal linear algebra software which 

automatically tune its parameters according to 

the hardware available [14]. This implies that 

after installation, the library has a fixed config-

uration which is supposed to be nearly as op-

timal as if a manual optimization were made. 

 

Figure 8 - Results comparing how the number of concurrent threads improves the performance given a matrix size (right). 
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This have some kind of disadvantage, as 

we cannot modify this auto-configuration as 

we would like to. For example, you cannot 

modify the number of threads per execution, 

as ATLAS decide in compilation time how 

many threads could potentially use in the 

given functions [15] (it could use less threads 

than expected if the problem size is small). 

 

Figure 9 - BLAS / ATLAS best results of the LU decomposi-
tion modifying matrix size. 

As it implements the FORTRAN and 

CBLAS interface, no specific changes must be 

done to the already implemented code and it 

is all about how the code is compiled. 

Graph 7 shows how well this implemen-

tation performed for each matrix size tested. 

For smaller sizes, ATLAS times are impressive 

and pretty similar to the MKL results. But the 

more the size of the matrices is increased, the 

more the time spent to solve the LU decom-

position problem. 

One thing is clear: the results are better 

than the original block-optimized version. If 

we look at the 5000 square dimension test, the 

time spent was 14.5 seconds, which is a com-

plete minute faster than the result obtained in 

the original optimized code. 

One strange behaviour was, again, how 

block size has affected the final results. For 

some reason, 256 is a good block size while 

using ATLAS to solve the LU factorization, 

which could mean that maybe both Intel and 

ATLAS’ team used similar optimizations (the 

reader can appreciate this behaviour by look-

ing at Figure 10). 

But this coincidence has open up the 

door of the overload justification, as we intro-

duced in the last subsection. For a small block 

size, could the overload to call an ATLAS or 

MKL subroutine be so high than the perfor-

mance is decreased? The answer is no. We 

tested again the 5000 dimension matrix case 

restoring the original LU sequential algorithm 

(i.e., without using BLAS within the first step 

of the block-optimized algorithm) and there is 

only an improvement of less than 2 seconds in 

comparison. 

2.2.3 OpenBLAS implementation 

GotoBLAS is another high-performance 

implementation of the BLAS specification 

[16]. The library uses improved algorithms and 

memory techniques for optimal performance 

of the BLAS methods and, unlike ATLAS, it 

is optimized for different Intel and AMD pro-

cessors architectures. Right now is maintained 
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Figure 10 - BLAS / ATLAS results comparing how the block size improves / decreases the performance given a matrix dimension (right). 
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by the open-source community with the name 

of OpenBLAS [17]. 

 

Figure 11 - OpenBLAS best results of the LU decomposition 
modifying matrix size. 

The library is similar to ATLAS in the 

way it decides how many concurrent threads 

will launch for a given problem size. At least 

and according to the official documentation, it 

is possible to modify this parameter if we like 

to. We finally decided not to change this set-

ting, as we would like to evaluate this library in 

the same way we did with ATLAS. 

One of the clear advantage of this library 

is its popular matrix multiplication method. 

Many papers have talked about how well this 

library handles this operation [18] [19], as it of-

fers a very good performance. 

Our results are not different from what 

we anticipated, and for all sizes the algorithm 

finishes in less than 5 seconds. Figure 11 re-

flects the performance of the LU decomposi-

tion using OpenBLAS, which is slightly better 

than the optimized MKL and way faster than 

ATLAS for a 10000 square matrix: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝𝑀𝐾𝐿 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑀𝐾𝐿

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐺𝑂𝑇𝑂

=
4.64

4.40
= 1.05 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝𝐴𝑇𝐿𝐴𝑆 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐴𝑇𝐿𝐴𝑆

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐺𝑂𝑇𝑂

=
117.02

4.40
≈ 26 

There is no doubt this is a very good li-

brary in terms of good performance and, we 

admit, even more impressive than MKL. It 

also offers a main advantage: it is not strictly 

hardware or manufacturer dependent and 

right now is open source, which implies no li-

cense costs. 

In other terms, Graph 10 shows how the 

block size improves or decreases the perfor-

mance of the algorithm. It is clear that some-

thing has changed compared to the last two 

libraries, as we can get nearly the same results 

using 8 and 16 as size. But comparing the dif-

ferent results, clearly 64 and 128 are always 

slightly better. 

 

Figure 12 - OpenBLAS results comparing how the block size im-
proves / decreases the performance given a matrix size (bottom). 

2.3 USING AN IMPLEMENTED 

LU METHOD 
We have recently analyzed how the LU 

factorization of an 𝐴  matrix can be imple-

mented and optimized comparing different 

linear algebra solutions based on BLAS speci-

fication. 

In this section, our objective is to move 

to a higher level inside the hierarchy shown in 

Figure 1 and make use of an already imple-

mented LU factorization method. We will 

mainly focus on MKL’s LAPACK implemen-

tation and a new library called PLASMA [20]. 

2.3.1 LAPACK / MKL implementation 

MKL not only offers an optimized im-

plementation of the BLAS subroutines, but 

also includes an implementation of LAPACK 

specification. This implies that we have access 

to many other functions that can solve sys-

tems of linear equations, eigenvalue problems 
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and matrix factorizations such as QR or the 

one we are interested in: the LU factorization. 

What is more, Intel included multi-threading 

capabilities in these function too. 

So the idea now is to forget all the code 

we have already implemented and make a sin-

gle call to LAPACK’s LU factorization 

method, which is called dgetrf() [21]. Our 

plan is to evaluate the performance differences 

between a hand-coded method and an already 

implemented one. 

Two related tests will then be made: ma-

trix dimension variation and different number 

of threads per matrix size. Figure 14 shows the 

best results obtained using MKL’s LAPACK 

implementation. There is a clear performance 

decrement compared to the BLAS / MKL 

version or even the OpenBLAS one, but we 

are talking in terms of seconds of difference.  

 

Figure 13 - LAPACK / MKL best results (using 1 thread) of 
the LU decomposition modifying matrix dimension. 

The last case, the 10000 square dimen-

sion matrix, took 8.18 seconds to complete, 

which is 7000% faster than the original block-

optimized code: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

=
604.20

8.18
≈ 74 

This means that it is even better than 

coding a complete version of the algorithm us-

ing ATLAS, as we tested earlier. But keep in 

mind that these results have made use of mul-

tiple threads to solve the factorization. 

In this way, Figure 13 shows how well the 

algorithm performs by using one single thread. 

It is slightly worse, but still better than the 

original block-optimized algorithm and also 

better than the one which made use of AT-

LAS. For example, for a 10000 square dimen-

sion matrix, ATLAS spent 117.01 seconds 

versus LAPACK / MKL’s 99.42 seconds (17 

seconds faster).  

 

Figure 14 - LAPACK / MKL best results (using multi-thread-
ing) of the LU decomposition modifying matrix dimension. 

The performance is not always equiva-

lent, as Figure 15 reflects, and later we will try 

to solve this issue with different levels of par-

allelism. As you may appreciate, the behaviour 

is similar to the one found in ¡Error! No se 

encuentra el origen de la referencia. 8 using 

BLAS/MKL and different number of threads. 

 

Figure 15 - LAPACK / MKL results comparing how the num-
ber of simultaneous threads improves the performance given different 
matrix dimensions (bottom). 
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2.3.2 PLASMA implementation 

PLASMA, whose name comes from 

“Parallel Linear Algebra for Scalable Multi-

core Architectures”, aims to address the dis-

ruptive situation that is facing linear algebra 

and high performance computing libraries 

since the introduction of the multi-core archi-

tectures [20]. The goal of this implementation 

is to offer portability by the development of 

programming models that enforce out of or-

der asynchronous operations. 

 

Figure 16 - PLASMA best results (using MKL) of the LU de-
composition modifying matrix dimension. 

Inside, it is using any BLAS implementa-

tion introduced while installation (e.g., MKL), 

so it is all about how this team designed their 

algorithms. In some way, these algorithm de-

cides how many threads will launch given the 

problem size and the resources available. It is 

equivalent to ATLAS or GotoBLAS, but fo-

cused on algorithm scalability. 

So the only test we can actually make here 

is to evaluate the performance of the library 

when we modify the dimension of the A ma-

trix and maybe the maximum number of 

PLASMA threads at launch. No other results 

can be tested, as we expected to make use of 

MKL’s multi-threading capabilities and we 

were finally unable (although the documenta-

tion says it is possible since version 2.5.1 [22]). 

Figure 16 shows that PLASMA offers a 

really good performance without any special 

configuration (the last case was completed in 

5.90 seconds). These results were achieved se-

lecting 1 launch thread and letting PLASMA’s 

algorithms decide where to use parallelism.  

2.4 DIFFERENT LEVELS OF  

PARALLELISM 
We have discovered some issues related 

with the scalability of the algorithm when in-

crementing the number of simultaneous 

threads. In theory, if we have 24 cores, launch-

ing 24 threads to solve a problem could make 

the algorithm run 24 times faster. But this be-

haviour may not always be true, because many 

factors can potentially affect the final results 

obtained. 

Our objective now is to add another level 

of parallelism using the well-known OpenMP 

library to exploit the resources available. 

Please note that, although we increased the 

level of parallelism within all the regions in the 

source code, initial tests demonstrated the ex-

istence of an overload cost within some light-

weight methods. We finally decided to focus 

our attention in the Step 3 of the algorithm 

(see 2.1.1 for further information), which is 

the most computational cost expensive.  
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Figure 17 - Example of how the different versions with multiple levels of parallelism have been implemented in our tests. 
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Our new tests have used as a basis the 

BLAS / MKL implementation, which gave 

very good results. We implemented three dif-

ferent versions, each one with a specific pur-

pose (as seen in Figure 17). The parallelism 

will be introduced in the multiplication itself: 

1. Version #1: The initial version splits 

the 𝐿10  matrix into different rows 

times the full matrix 𝑈01 , which will 

produce as an output each row of the 

𝐴11
′  submatrix. In this way, we can 

easily assign each thread a different 

row and let it solve the multiplication. 

 

2. Version #2: This version is more 

complex but designed in the same 

way as the prior one. The idea here is 

to equally assign the same number of 

simultaneous rows to each thread, so 

that they solve a full matrix multipli-

cation and produce multiple rows of 

the 𝐴11
′  submatrix. 

 

3. Version #3: The latest one divides 

the submatrix 𝐴11 in different blocks. 

Each thread has assigned multiple 

blocks, based on its unique identifier. 

This implies that the first block will be 

assigned to the first thread (i.e., 

Thid=0), the second to the second 

thread (i.e., Thid=1) and so on. 

At the same time, each thread will use 

BLAS to solve the assigned product, which in-

troduces the second level of parallelism by us-

ing Intel’s MKL. So, in our test, we have 

checked how the performance was by setting 

1 thread within MKL and 24 threads in OMP 

(i.e., the maximum number of cores available), 

2 threads within MKL and 12 threads in OMP, 

and so on until 24 threads in MKL and 1 in 

OMP was assigned1. 

We have also tested different block sizes, 

as we are still using the block algorithm imple-

mented originally with BLAS. Please note that 

only block sizes powers of 2 between 16 and 

256 dimension were tested, which are actually 

the ones that offered better results in our prior 

tests cases. 

                                                   
1 Note: These latest results will be discarded, as it is equivalent as launching the test case without OpenMP. 

 

Figure 18 - Best results of the LU decomposition using multiple 
levels of parallelism. The graph shows the performance of the differ-
ent implemented versions. 

As we expected, the overload introduced 

by handling these two levels of parallelism is 

noticeable and there is no improvement com-

pared to the original version. Figure 18 clearly 

reflects how the performance decreases as we 

increment the matrix dimension compared to 

the original implementation using only BLAS 

without OpenMP. 

 

Figure 19 - Performance results obtained modifying the number of 
threads for a 5000 square matrix. 

What is more, the best results have been 

obtained using 1 MKL thread and 24 OMP 

threads, 2 MKL threads and 12 OMP threads, 
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and 24 MKL threads and 1 OMP (although we 

discarded this test case). We can appreciate 

this behaviour looking at Figure 19, where the 

best results obtained for a 5000 square matrix 

using different number of threads are shown. 

In terms of SpeedUp and comparing to 

the original version, the new implementations 

demonstrate that do not offer any benefits, as 

we already know. Each version offers a good 

performance for small cases, as seen in Figure 

20, but increasing the matrix dimension clearly 

decreases the performance. 

One interesting behaviour about the sec-

ond and third version is that, after a 4000 by 

4000 dimension, the performance stabilizes 

compared to the original version. It is still 

worse, but stops decreasing as the first version 

does. Figure 18 also reflected this observance, 

where the first version spent 12.11 seconds to 

solve the latest test case and the second and 

third one took 7.04 and 8.07 seconds, respec-

tively. The original version needed, instead, 

4.64 seconds. 

In any way, we can potentially conclude 

that increasing the levels of parallelism does 

not necessary increases the performance, at 

least in the LU decomposition problem for the 

matrix sizes tested. However, this could 

change for larger matrices, as the multi-level 

algorithm might have better scalability; some-

thing we discovered by analyzing Figure 20 

earlier. 

 

Figure 20 - SpeedUp comparison between the different implemen-
tations designed. 

2.5 WORKING WITH HIGHER 

DIMENSION MATRICES 
Until now, we have tested the proposed 

implementations by defining relatively large 

matrices. Our 10000 by 10000 matrix can be 

considered big, no objection, but scientist usu-

ally work with problems with a slightly higher 

dimension. 

This introduces a new and, until now, un-

expected problem: memory limit. As an exam-

ple, a 10000 square matrix of double values 

implies nearly 800 Megabytes to be stored in 

RAM memory, while a 20000 square matrix 

means 3 Gigabytes and a 30000 square matrix 

implies nearly 7 Gigabytes of RAM. This can-

not be easily handled in every computer and 

the problem must be split in different sub-

problems of less size. 

The next subsection will analyze a tech-

nique called Out-Of-Core that could help in 

this process. 

2.5.1 Out-Of-Core LU factorization 

Out-Of-Core is a technique that offers a 

clear benefit in cases where large amount of 

data must be processed to solve a concrete 

problem. This technique aims to store all the 

input / output data in secondary storage, load-

ing only smaller parts of the problem into the 

RAM memory. So, for example, if we would 

like to use a 30000 square matrix as an input 

for the LU decomposition, we can split this 

matrix into 4 submatrices of dimension 15000 

by 15000, offering a real and effective alterna-

tive to compute the factorization. 

The main inconvenience of this tech-

nique is that we must handle thousands 

(maybe millions) of I/O operations to and 

from secondary memory. This introduces a 

clear bottleneck, as we are not able to read and 

write data faster than in RAM memory. 

Our idea is to analyze a general algorithm 

similar to the third version seen in section 2.4, 

whose objective is to divide in blocks the orig-

inal matrix. In this way, the process is exactly 

the same as the block-based LU factorization, 

but with higher dimensions and keeping in 

mind that each block is stored in secondary 

memory (Figure 21). 
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Figure 21 - Example of how the Out-Of-Core algorithm works. 
Above is represented how the data is stored in secondary memory, 
while below is how the algorithm manipulates this data. 

The tests defined will start with a 10000 

square matrix divided in 5000 square blocks, 

and will end with a 100000 square matrix di-

vided by 25000 square blocks. The idea is to 

use, when possible, a half of the full size or the 

first multiple available within the memory lim-

its of the workstation used (e.g., 25000 multi-

plied by 4 gives 100000, which means we will 

need to split the original matrix into 4×4=16 

matrices of 25000 square dimension). 

This last point is very important, because 

we cannot use more than 32 Gigabytes of 

RAM memory (the total available). In fact, we 

may consider 29 Gigabytes as our limit be-

cause many services are currently running, in-

cluding the operating system itself.  

So, given 64 bits for each double, we are 

able to store a total of: 

𝑀𝐴𝑋𝑑𝑜𝑢𝑏𝑙𝑒𝑠 =
29 · 230

(64 8⁄ )
≈ 38.92 · 108 𝑑𝑜𝑢𝑏𝑙𝑒𝑠 

And as we know we are working with 

square matrices, we can actually discover what 

the matrix size limit is: 

𝑀𝐴𝑋𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛 = √𝑀𝐴𝑋𝑑𝑜𝑢𝑏𝑙𝑒𝑠 ≈ 62388 

But this is not completely correct, be-

cause we may actually need to load into RAM 

memory up to 3 simultaneous matrices. For 

example, when we want to calculate the sub-

matrix 𝐴11
′ = 𝐴11 − 𝐿10𝑈01 , we need to load 

𝐴11 , 𝐿10  and 𝑈01 , which implies that the di-

mension limit is the square root of a third of 

the maximum number of doubles: 

𝑀𝐴𝑋𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑓𝑖𝑛𝑎𝑙
= √

𝑀𝐴𝑋𝑑𝑜𝑢𝑏𝑙𝑒𝑠

3
≈ 36019 

For simplicity, we will always use multi-

ples of the full dimension. In this way, for a 

60000 square matrix we will split its data into 

4 smaller 30000 square matrices, while for a 

70000 square matrix we will divide it by 4 

smaller 35000 square matrices (i.e., near the 

limit). This means that, for an 80000 square 

matrix, we cannot use a 40000 square matrix 

and instead the highest multiple below the 

memory limit is 20000. 

On the other hand and as we know the 

I/O operations are expensive, the algorithm 

designed follows a top-down ↔ bottom-up 

perspective to avoid repeated reads from sec-

ondary memory. For example, following Fig-

ure 21, 𝐿10 is used with 𝑈01 and 𝑈02 to calcu-

late 𝐴21
′  and 𝐴22

′ . So the next iteration of the 

algorithm will not start in the first row/second 

column but in the last row/second column, 

avoiding an additional read from disk. The 

more the block operations, the more the ben-

efit of this design. 

One last point prior to the analysis of the 

results obtained is to advice that there is not 

only a limit in terms of RAM memory, but a 

limit in secondary storage to save all the data 

that will be processed during the LU decom-

position. In other words, a 64 bit double 

stored as plain text implies multiple characters 

of 1 byte in size, including additional ones like 

the sign of the number or the dot to represent 

the decimal part. As a reference, for the 50000 

square matrix test case, one of the four low-
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precision 25000x25000 matrices used during 

execution occupied near 5 GB (20GB in total).  

If we increment the precision by storing 

more decimal numbers, we can easily reach 

about 100GB, and it will be a lot worse for 

higher dimension test cases like the 100000 

square one (where, using low-precision, the 

total amount of data occupied about 70GB). 

 

Figure 22 - Results achieved for the Out-Of-Core implementation 
of the LU factorization. The graph shows two different results, 
based on the fact of where the data was stored (i.e., local or remote). 

This fact gave us the opportunity to think 

about a possibility of remote storage instead 

local storage. If the network is considerably 

fast, we could avoid the local bottleneck and 

store the information in a remote computer. 

Figure 22 shows the results obtained for 

matrix sizes starting at 10000 by 10000 up to 

50000 by 50000, storing data both locally and 

remote. As we can see, there is no difference 

between the tests (about seconds) because 

even for the initial case the time needed was 

more than 2 minutes, which clearly reflects 

how the I/O operations are affecting to the 

process. As 4.64 were needed in the BLAS / 

MKL implementation, there is a huge perfor-

mance decrement in comparison: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑂𝑜𝐶

=
4.64

129.02
≈ 0.04 

But our interest is focused in higher di-

mension matrices, something we could not 

have been able to handle using directly the 

original BLAS / MKL algorithm. The reader 

can appreciate in Figure 22 that the algorithm 

finishes the LU factorization in less than 1 

hour for the 50000 square matrix, which can 

be considered as a good result given the fact 

that we need about 20 Gigabytes of RAM 

memory to handle such a problem in non Out-

of-Core implementations. Furthermore, the 

original sequential algorithm was unable to 

compute the 10000 square matrix test in less 

than 30 minutes, where the Out-Of-Core can 

compute a 40000 by 40000 matrix in about the 

same time. 

In other terms, Figure 23 shows the 

SpeedUp of the local storage version com-

pared to the remote one, which is only slightly 

better (something, we admit, was initially un-

expected). What is more, an improvement in 

the connection between the workstation and 

the remote storage could benefit the whole 

process - right now it is located in the same 

laboratory and connected thru the same net-

work using 10/100 Mbps Ethernet, but opti-

cal fiber cable replacement could improve the 

bandwidth available. 

 

Figure 23 - SpeedUp of the local storage version compared to the 
remote storage one. 

The next subsection will provide a better 

solution of the algorithm that could be poten-

tially combined with this latest fact in future 

works. 

2.5.1.1 Trying to improve the I/O 

operations performance 

There is no objection to agree that I/O 

operations must be improved to increase the 

general performance of the algorithm. We de-

cided to develop an additional version, where 

two different changes were introduced in 

comparison with the previous algorithm: 
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1. Multi-threaded I/O: Until now, a 

single thread was assigned to read and 

store the data into the secondary 

memory. The new approach assigns 

this job to multiple simultaneous 

threads working with the same file.  

 

This implies that a fixed length size 

per number must be established, be-

cause, otherwise, a variable size could 

produce conflicts between different 

threads. This fact increases the size 

per file and the amount of data to be 

handled within secondary memory, 

but we expect a benefit in chance. 

 

2. Different I/O operations: Using a 

fixed length per number offers a huge 

gain while using I/O operations. It is 

known that stdio library for C [23] in-

cludes many operations that help to 

efficiently handle read and write oper-

ations, and although we have been us-

ing these methods until now, we can 

now directly change the mode we 

read /write the data as we actually 

know directly the length per number. 

These modifications have drastically 

change the performance of the implementa-

tion. The first test case of a 10000 dimension 

matrix finished in 11.13 seconds, improving 

noticeably the original Out-Of-Core imple-

mentation by a 1000%: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑂𝑜𝐶

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑂𝑜𝐶𝑣2

=
109.02

11.13
= 11.59 

Figure 24 reflects the performance com-

parison between the original version and the 

multi-threaded I/O one. The results obtained 

have been more than satisfactory, spending 

only 15 minutes to solve the LU decomposi-

tion of a 50000 by 50000 matrix. This is even 

better than many of the results obtained for 

smaller dimensions in the previous sections. 

Nevertheless, there is a test case whose 

result is interesting: the 70000 dimension one. 

The algorithm not only spent more time than 

the preceding 60000 square matrix test (which 

is completely normal), but a way more than 

the next two following test cases (which is less 

usual). This behaviour coincides with the fact 

that the block size is nearly the RAM memory 

limit and this may have caused this perfor-

mance decrement. It could also signify that 

now it is more efficient to store smaller blocks 

handled with multi-threaded I/O operations 

than storing huge blocks as earlier. 

 

Figure 24 - Performance comparison between the original Out-Of-
Core implementation and the new multi-threaded I/O one. 

To clarify what really happened, we 

tested again the same case with a smaller block 

size multiple of 75000 (i.e., 14000 by 14000). 

The result was positive and the time was re-

duced by 40 minutes, which possibly means 

that the operating system was using swapping 

when the RAM memory limit was reached. 

This is something we did not appreciate earlier 

when using single-threaded I/O operations, 

so it could be related by this change. 

We also pointed earlier that using smaller 

block sizes could be more efficient, but this 

fact cannot always be true due to the fact that 

more I/O operations time and less computa-

tion time is established. In other words, if we 

reduce the block size, the algorithm spends 

less time computing data and more time writ-

ing values to secondary memory. 

To conclude, we would like to add that 

the fixed length per number increased the size 

per file needed between 4 to 5 times the size 

of the variable length version. For example, a 

30000 square matrix using low-precision now 

needs 18GB per file, while a 35000 square ma-

trix occupies about 25GB per file. 
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2.5.1.2 Using different storage methods 

Until now, we have evaluated the perfor-

mance of the Out-Of-Core algorithm by stor-

ing the values of the whole matrix in different 

blocks but using a plain text mode. We have 

seen that this is obviously a problem, because 

each character occupies 1 byte and more pre-

cision means more storage. Furthermore, this 

also implies that more I/O operations must be 

made and this might cause a notably perfor-

mance decrement. 

An alternative is to store this data in bi-

nary mode. By doing so, we have a fixed 64 

bits (8 bytes) length per number with the most 

available precision for a double value and also 

less secondary storage requirements. For ex-

ample, a 30000 square matrix occupies around 

7GB, which is far below the 18GB require-

ment of the original text mode. 

 

Figure 25 - Performance comparison between the original Out-Of-
Core implementation, the multi-threaded I/O one and both using 
binary storage mode. 

For a square matrix size up to 100000, 

Figure 25 reflects the performance obtained 

by the different implementations of the same 

algorithm. The graphs with a “v2” tag implies 

that the I/O operations have been made by 

multiple threads, while the ones with “Binary” 

implies the data was stored in this mode. We 

can appreciate different interesting behaviors: 

 Although the cited figure is not com-

pletely clear, it is better to split the 

I/O operations in multiple light-

weight operations managed by differ-

ent threads simultaneously. A slightly 

performance difference can be appre-

ciated up to dimension 60000, with a 

21% performance increment (around 

5 minutes of difference) in this case. 

After that size, it is better to use sin-

gle-threaded I/O. 

 Secondly and related with the latest 

fact, it is not always better to use bi-

nary reads and stores, except for the 

fact that it always occupies less sec-

ondary storage. For example, follow-

ing the multi-threaded / text mode 

approach, we can get a similar perfor-

mance to the single-threaded / binary 

mode version. Furthermore, a slightly 

3% performance increment is appre-

ciated in the 90000 square test case, 

and we might observe better results 

for higher dimension matrices. 

In the end, we have to agree that the re-

sults briefly explained gave us a good idea of 

how convincing is this technique for larger 

matrices. The following sections aims to solve 

the LU decomposition by using computa-

tional alternatives like the GPU. 

3 GPU PERFORMANCE 

EVALUATION 

We have already seen that using multiple 

CPU threads even while storing the data is 

translated into a performance gain. Over the 

last few years, a different technique has 

emerged using GPUs for general computing 

usage instead of graphics usage. The ad-

vantage is found in the fact that graphics op-

erations are commonly based on matrices and 

the hardware is ready to this kind of opera-

tions by using multiple tiny processors that 

can handle thousands of simultaneous mathe-

matical operations like sums. 

Using the graphic card to compute ma-

trix operations is, in theory, a benefit. This sec-

tion’s objective is to evaluate the performance 

obtained by solving the LU decomposition us-

ing NVIDIA CUDA [24]. More specifically, 
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we will use NVIDIA’s BLAS implementation 

based on CUDA (called cuBLAS [25]) and 

also an already implemented LU factorization 

by calling directly to MAGMA library [26]. 

3.1 LU DECOMPOSITION USING 

CUDA (CUBLAS) 
NVIDIA CUDA Basic Linear Algebra 

Subroutines (cuBLAS) [25] is a GPU version 

of the BLAS standard library implemented by 

NVIDIA. According to the manufacturer, it is 

said to deliver better performance than MKL 

BLAS. 

As we already implemented an LU de-

composition using MKL BLAS, translating 

the same code to cuBLAS can be done in a 

few steps. The only restriction is that this li-

brary expects the data to be stored only in a 

column-based format, something we have al-

ready seen in MKL BLAS but which offered a 

row-based alternative that we used. 

There is also another important issue. 

Our block-based algorithm computes smaller 

LU decompositions as a first step for each it-

eration (please check 2.1.1 for further infor-

mation), and although we have translated 

these operations to the GPU cuBLAS equiva-

lent, one still must divide each element of each 

row by its pivot. Until now we have been com-

puting the pivot’s inverse and calling a BLAS 

level 2 operation with the result as a constant, 

but the problem is that in this case we do not 

have the value and it must be retrieved from 

the GPU. 

This forces thousands of little I/O just to 

retrieve this value, so we decided to imple-

ment several versions to evaluate its perfor-

mance: 

1. cuBLAS version: This is exactly the 

same algorithm using cuBLAS instead 

of BLAS and with the pivot problem. 

We also measured the time spent to 

copy and retrieve the full matrix to 

and from the GPU. 

2. cuBLAS version without data 

transfer measurement: Like the pre-

vious one, but we excluded the meas-

urement of the time spent to copy and 

retrieve the data from the GPU. 

3. cuBLAS version using streams: An 

interesting technique is to use CUDA 

streams [27] to parallelize several 

workloads in the GPU. We integrated 

two streams within step 2 and 3 of the 

algorithm. 

4. cuBLAS version using MKL: With 

the idea to avoid the performance 

decrement of the pivot, we tested out 

a different version where we use 

MKL BLAS to solve the smaller LU 

decomposition block. This means 

that only two I/O operations from 

GPU will be made per iteration (i.e., 

one to retrieve the block to RAM 

memory and another one to store it 

back to the GPU memory). 

We evaluated again the usage of different 

block sizes per matrix dimension, as well as 

the usage of different number of concurrent 

MKL threads in the latest version. These tests 

have been conducted in the same workstation 

(see Table 2 for information about Saturno). 

 

Figure 26 - Performance comparison between different implemen-
tations using cuBLAS library (i.e., GPU). 

The performance has increased notably 

using the GPU, as seen in Figure 26. Com-

pared to MKL BLAS using only the CPU, we 

can appreciate that its scalability for higher di-

mension matrices is clearly better. For exam-

ple, a 10000 square matrix LU decomposition 

can be computed in less than 2 seconds, and 

combining MKL BLAS with cuBLAS (i.e., tag 
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v4 in the graph) the factorization is completed 

in 1.09 seconds. This means that we have even 

improved the original MKL BLAS algorithm: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑐𝑢𝐵𝐿𝐴𝑆𝑣4

=
4.64

1.09
= 4.26 

Figure 27 confirms this behaviour, where 

the SpeedUp for each matrix dimension in 

comparison with MKL BLAS is shown. 

 

Figure 27 - SpeedUp comparison between the LU decomposition 
implementation using BLAS (MKL) and cuBLAS. 

If we measure the time dedicated to copy 

and retrieve the whole matrix from the GPU 

(i.e., tag v1 in Figure 26), we still get a very 

good performance with 2.56 seconds of com-

puting time for a 10000 by 10000 matrix. Also, 

we have again noticed that the best block sizes 

are 64, 128 and 256, something we already dis-

covered in the previous sections (please note 

that only the best results have been shown).  

Increasing the number of simultaneous 

threads does not offer a direct benefit, as ex-

pected. The reason is that there is a little over-

head while computing such a tiny matrix with 

multiple threads. Or in other words, it is more 

suitable to handle the operations with one sin-

gle thread in comparison (e.g., 1.09 seconds of 

1 thread compared to 1.14 seconds of 24 

threads). 

The results are, then, very interesting. We 

have not only increased the performance of 

the original algorithm, but also we have evalu-

ated that even the time spent to copy and re-

trieve data from the GPU is not huge. 

3.2 LU DECOMPOSITION USING 

MAGMA 
Similarly to what we have seen with 

LAPACK, MAGMA [26] is a library that of-

fers a linear algebra library for heterogeneous 

/ hybrid architectures. It is based on the idea 

of addressing different challenges using hybrid 

solutions that combine both CPU and GPU 

computing. 

In this way, the library offers an LU fac-

torization method that can directly solve the 

decomposition. The algorithm is similar to the 

fourth cuBLAS version that we implemented 

in the previous section, but with a slightly dif-

ferent (and expected efficiently) design. 

Please note that, as we are not using piv-

oting, to precisely evaluate the performance 

we will make a call directly to an alternative LU 

decomposition method that the library actu-

ally offers [28]. 

 

Figure 28 - Performance comparison between two different imple-
mentations that use MAGMA and the best cuBLAS implemen-
tation of the previous section. 

We have implemented two different ver-

sions of the algorithm: 

1. MAGMA method: The first version 

will directly call to MAGMA’s LU 

factorization method. 

2. MAGMA + cuBLAS: This is a hy-

brid version that combines the same 

algorithm implemented in the previ-

ous section but that uses MAGMA to 

solve the LU block of each iteration. 
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For a matrix dimension up to 10000 

square, we have tested the performance by us-

ing different block sizes (i.e., MAGMA + 

cuBLAS version) and, as well, the usage of dif-

ferent number of threads due to the fact that 

its method also uses BLAS (MKL). 

Figure 28 reflects the performance of the 

described implementations compared to the 

fourth cuBLAS algorithm previously imple-

mented, which offered the best performance. 

The times obtained are very similar to the lat-

ter version, and in fact MAGMA’s LU decom-

position offered nearly exact times with only a 

slightly performance increment. 

But combining cuBLAS with the usage 

of MAGMA is different. We can reach times 

below 1 second even for a 10000 square ma-

trix, which is better than what we have already 

achieved using only cuBLAS: 

𝑆𝑝𝑒𝑒𝑑𝑈𝑝 =
𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝐵𝐿𝐴𝑆

𝑅𝑒𝑠𝑢𝑙𝑡𝑏𝑙𝑜𝑐𝑘𝑐𝑢𝐵𝐿𝐴𝑆𝑣4

=
4.64

0.99
= 4.69 

If we now evaluate how block sizes affect 

the performance of the second implementa-

tion (Figure 29), we can confirm that larger 

sizes are better. For example, the 0.99 seconds 

of the 10000 square matrix has been obtained 

by using a 1024 dimension block. The reason 

is obvious, as we are now directly using 

MAGMA’s LU for each iteration and higher 

dimensions implies higher performance (up to 

a limit between 256, 512 and 1024). 

 

Figure 29 - Behaviour of the second algorithm by varying the block 
size for a 10000 dimension matrix. 

Note also that varying the number of 

threads has in this case a direct benefit. 

4 HETEROGENEOUS LU 

EVALUATION 

Until now, we have seen many different 

approaches to solve the LU decomposition. 

We also introduced the reader into a technique 

called Out-of-Core, useful for larger matrix di-

mensions, and we also evaluated that storing 

remotely each block of the whole matrix to be 

factorized is equivalent as storing data locally, 

with a small performance impact. 

In this section we propose an alternative 

Out-of-Core algorithm that uses MPI to dis-

tribute the data between different heterogene-

ous nodes. Each node will previously have as-

signed a specific workload and only the essen-

tial data will be sent for each iteration of the 

algorithm. 

Although the processing power of these 

nodes is very different, the GPU power while 

solving the LU decomposition is very similar 

and only differs by some seconds according to 

our tests (check Table 2 for further infor-

mation about the processing capabilities of 

these nodes). In this way, we can consider 

each node to have the same processing power, 

as the main cost will be mainly located in the 

communications. 

Node GPU card available 

Saturno 
(Master) 

NVIDIA Tesla K20c 

Jupiter NVIDIA Tesla C2075 

Marte NVIDIA GeForce GTX 480 

Mercurio NVIDIA GeForce GTX 480 
 

Table 2 - Specification of the workstation used 

The idea of the algorithm is to split the 

whole matrix into multiple blocks that are 

stored in secondary memory, as we did with 

the original Out-of-Core algorithm. Each row 

of blocks is pre-assigned to a node, so that 

only that node has to store and manipulate the 

data and just a final synchronization to the 

master node must be made (i.e., to Saturno).  

The nodes know exactly the rows they 

have assigned because of their unique MPI 

node identifier. This means that using the 

module operation with the number of row we 
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can easily assign different rows to different 

nodes. 

 

Figure 30 - Example of how the Heterogeneous Out-of-Core algo-
rithm designed works for the first three iterations using 4 nodes and 
a matrix split into 6 by 6 secondary storage blocks. The "P" char-
acter means that the node is the current pivot for the specified row, 
which has to be synchronized with the rest of the nodes. Note that 
some computing is overlapped to avoid idle times. 

We then consider an LU block algorithm 

as we did earlier in section 2.1.1, but with a 

slightly change. For each iteration, one node 

acts as the “pivot node”, which means that it 

is the one that will locally solve its LU block 

(i.e., the first one) and extend the results to the 

rest of the blocks of its row according to the 

step 2 of the followed algorithm. The rest of 

the nodes will synchronize remotely with the 

current pivot, overlapping communications 

with computation time to avoid possible idle 

times (i.e., combining step 3 and 4 with com-

munications with the pivot). 

This also means that, in the following it-

eration of the algorithm, the “pivot node” will 

be the one who previously worked with its 

own row, repeating the whole process of cal-

culating the LU and synchronizing with the 

rest of the nodes. Figure 30 shows an example 

of the algorithm for a 6 by 6 secondary 

memory block split of a relatively large matrix 

(e.g., 30000 square LU decomposition using 

5000 dimension OoC blocks). 

Note that the algorithm reuses some of 

the reads to reduce the overhead of the I/O 

operations to secondary memory. Also, note 

that there is not any explicit synchronization 

barrier after each iteration, which implies that 

the next “pivot node” can continue compu-

ting its LU even while the previous nodes are 

still working with their rows. 

 

Figure 31 - Performance comparison between one of the OoC algo-
rithms and the Heterogeneous version varying the matrix size. 
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The algorithm has been implemented us-

ing the Out-of-Core algorithm whose I/O op-

erations were made in binary mode. Although 

we discovered that using a multi-threaded text 

mode offered some benefits, the average per-

formance is more stable in this case and the 

key is actually how the algorithm manages the 

communications between the nodes. 

Figure 31 reflects the performance ob-

tained by this heterogeneous algorithm com-

pared to the original Out-Of-Core algorithm 

that was evaluated exclusively within the same 

workstation. The heterogeneous algorithm is 

clearly better even for smaller matrix sizes, and 

the difference is noticeably starting from a 

50000 by 50000 dimension. 

In fact, for a 90000 square matrix there is 

a time difference of nearly 1 hour, which is an 

89% of performance gain in comparison. This 

is exactly what is depicted in Figure 32, where 

the absolute time differences are shown for 

different matrix dimensions. 

 

Figure 32 - Absolute time differences between the Out-Of-Core 
Binary algorithm and the Heterogeneous described in this section. 
Higher bars indicate better performance of the latter. 

The results might not sound as surprising 

due to the fact that we are using multiple 

nodes, but the truth is that the algorithm’s 

scalability is notably better and larger matrices 

could reflect that the usage of multiple simul-

taneous nodes is clearly an advantage. 

Future work could be focused on reduc-

ing the communications between the nodes or 

increasing the computation parallelism by, for 

example, combining CPU+GPU or more than 

one GPU computing data simultaneously. 

5 CONCLUSION 

In this work we have analyzed multiple 

implementations of the LU decomposition by 

first introducing some of the concepts needed 

to understand the whole document, including 

how the basis algorithm work. 

We latter analyzed and compared a 

block-based approach by alternatively using li-

braries based on the BLAS standard, which in-

cluded MKL BLAS, ATLAS and GotoBLAS, 

and also those based on LAPACK by calling 

directly an LU factorization method (e.g., 

PLASMA library). The results obtained were 

positive, with an average of less than 5 sec-

onds to solve an LU decomposition of a 

10000 by 10000 matrix. 

Then, different levels of parallelism were 

introduced with the idea of solving some per-

formance issues, and also four Out-Of-Core 

algorithms were implemented to analyze the 

performance of the LU decomposition for rel-

atively large matrices up to 100000 square, 

storing the data both locally and remotely. 

Only 2 hours of computation time was needed 

to solve the larger test case and even less than 

30 minutes for the 50000 by 50000 matrix. 

We finally introduced GPU computing 

by using cuBLAS and MAGMA, reaching a 

0.99 seconds mark for a 10000 square matrix. 

Furthermore, these results were later trans-

lated into a Heterogeneous algorithm, where 

we improved the original Out-of-Core version 

by a 47% and reduced in 39 minutes the 

100000 square matrix test case. In fact, the 

original optimized classical Gaussian elimina-

tion algorithm reached the 20 minutes time 

limit for a 10000 square matrix, which is more 

than the time spent by the last algorithm to 

solve a 70000 by 70000 square matrix. 

In conclusion, we can clearly determine 

that the usage of different techniques to solve 

mathematical problems like the LU factoriza-

tion is a direct benefit for science in general. 

Our work has been very positive and we ex-

pect that future research using, for example, 

hybrid computing could notably increase the 

performance gain and clearly improve the ob-

tained results. 
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